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We investigate the problem of existence of universal elements in some families of dendrites
with a countable closure of the set of end points. In particular, we prove that for each
integer κ  3 and for each ordinal α 1 there exists a universal element in the family of
all dendrites X such that ord(X) κ and the α-derivative of the set clX E(X) contains at
most one point.
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1. Introduction
In this paper, all spaces under consideration are metrizable and separable and all ordinals are countable. A space Z is
said to be universal in a class F of spaces provided that Z ∈ F and for each X ∈ F there exists an embedding h : X → Z .
For every ordinal α, the α-derivative of space E is deﬁned by induction as follows: E(0) = E , E(α+1) is the set of all limit
points of E(α) (in E(α)) and E(α) =⋂β<α E(β) for a limit ordinal α [3, §24, IV]. If E(α) = ∅ for some ordinal α, then the least
such ordinal is called type of E and is denoted by type(E).
Given a subset E of a space X , we denote by E or clX E the closure and by Ed the set of accumulation points of E in X .
Obviously, Ed = [clX E](1) .
It is well known that for each space E there exists a countable ordinal α such that E(α) = E(α+1) = · · · [3, §24, IV].
Clearly E(α) has no isolated points and E =⋃β<α(E(β) \ E(β+1)) ∪ E(α) [3, §12, I]. Since each of the sets E(β) \ E(β+1) , as
consisting of isolated points, is countable, it follows that
(1.1) If for a space E there exists an ordinal α such that type(E) = α, then the space E is countable.
If E is a zero-dimensional compactum and α is the smallest ordinal for which E(α) = E(α+1) = · · ·, then either E(α) = ∅ or
E(α) is homeomorphic to Cantor set. Hence
(1.2) If a compact space E is countable, then there exists an ordinal α such that type(E) = α.
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pactum E . Thus
(1.3) If a space E is compact and type(E) = α, then the ordinal α is isolated and the set E(α−1) is ﬁnite.
By a continuum we mean a nondegenerate compact and connected space.
A dendrite is a locally connected continuum containing no simple closed curve. It is known that any dendrite has a basis
of open sets with ﬁnite boundaries and therefore is hereditarily locally connected [4, §51, VI, Theorem 4, p. 301 and IV,
Theorem 2, p. 283]. Hence every subcontinuum of a dendrite is a dendrite.
The order of point x in a space X, written ord(x, X), is the least cardinal or ordinal number κ such that x has arbitrarily
small neighborhood in X with boundary of cardinality  κ [4, §51, I, p. 274]. A point x is of order ω in X provided x has
arbitrarily small neighborhood in X but ord(x, X) > n for any natural number n.
For a point x of a dendrite X , the number of components of X \ {x} is equal to ord(x, X) whenever either of them is
ﬁnite [5, (1.1), (iv), p. 88]. In the case that ord(x, X) = ω the components of X \ {x} form a null sequence [5, (2.6), p. 92].
Points of order 1 are called end points, points of order 2 are called ordinary points, and points of order  3 are called
ramiﬁcation points. For a dendrite X we denote by E(X), O (X), and R(X) the sets of all end points, of all ordinary points,
and of all ramiﬁcation points of X , respectively.
By order of a dendrite X , written ord(X), we mean the least cardinal number κ such that ord(x, X) κ for each x ∈ X .
It is proved by Waz˙ewski that there exists a universal dendrite [6]. Since this universal dendrite is a subset of the plane,
we may assume that all dendrites under consideration are subsets of the plane.
A universal element for the family of all dendrites (of order  κ , respectively) with a closed set of end points is con-
structed in [1]. The set of end points of this universal dendrite is homeomorphic to a Cantor ternary set.
Some results concerning the existence of universal elements in the families of dendrites with a closed countable set of
end points are in [7]. In particular, it is shown that in the family of all dendrites with a closed countable set of end points
there is no universal element.
In this paper we investigate dendrites with a countable closure of the set of end points. From (1.2) and (1.3) it follows
that if for a dendrite X the set E(X) is countable then for some ordinal α the set E(X)(α) is ﬁnite, so type(E(X)) is an
isolated ordinal. In Section 3 for each ordinal α, for each integer κ  3, and for each integer m  1 we deﬁne a dendrite
T κm,α of order κ , for which the set E(T
κ
m,α)
(α) is ﬁnite and contains more than m points. Thus (see (2.3) in Section 2) we
obtain the following facts:
– In the family of all dendrites (of orders  κ ) with a countable closure of the set of end points there is no universal
element.
– In the family of all dendrites X (of orders  κ ) such that type (E(X)) α there is no universal element.
In Section 4 we deﬁne a dendrite Dκα that is universal in the family of all dendrites X such that ord(X)  κ and
|E(X)(α)|  1. Also, we deﬁne a dendrite Dα such that type(E(Dα)) = α and Dα contains a topological copy of any den-
drite X of ﬁnite order with type(E(X)) < α.
Given two points a and b of a dendrite X , we denote by ab the unique arc from a to b in X . The notion a < c < b means
that c ∈ ab \ {a,b}. The arc ab is called free in X if the set ab \ {a,b} is open in X . Obviously, the arc ab is free in X if
and only if ab \ {a,b} contains no ramiﬁcation points of X . By X(a,b) we denote the closure of the unique component of
X \ {a,b} such that ab ⊆ X(a,b).
A tree is a dendrite that can be written as a union of ﬁnitely many arcs. Given a tree T , we denote by F(T ) the family
of all free arcs of T with endpoints in E(T ) ∪ R(T ). The points u, v ∈ R(T ) ∪ E(T ) are said to be adjacent if uv ∈ F(T ).
2. Basic properties
It is clear that if for a dendrite X , the set E(X) is countable, then the set E(X) is countable. The example below shows
that the inverse is not true.
Example 1. Let us consider Cantor ternary C set in [0,1]. Deﬁne X as a union of [0,1] and of countable many vertical seg-
ments emanating from the midpoints of contiguous intervals to C , whose lengths are equal to the lengths of the contiguous
intervals, correspondingly. Then E(X) is countable, but E(X) is uncountable, because C ⊆ E(X).
For any dendrite X we denote by Rω(X) the set of all points of order ω in X . From hereditarily locally connectedness of
dendrite it follows that (see [2, p. 10])
(2.1) For every dendrite X we have [E(X)]d = [R(X)]d ∪ Rω(X).
The following facts are immediate:
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(2.3) If A and B are dendrites and A ⊆ B, then [E(A)]d ⊆ [E(B)]d (see [2, p. 10]).
Since in any dendrite the set of all ramiﬁcation points is countable and since the set E(X) \ [E(X)]d of all isolated end
points is countable, from the above it follows that
(2.4) For a dendrite X the set E(X) is countable if and only if the set R(X) is countable.
(2.5) If Rω(X) = ∅ and the set E(X) is countable for a dendrite X, then type(R(X)) = type(E(X)).
Recall that a continuum X is said to be completely regular if each nondegenerate subcontinuum of X has nonempty
interior. From (2.4) it follows that if E(X) is countable for a dendrite X , then each arc of X contains a free arc of X . Hence
(2.6) Every dendrite with a countable closure of the set of end points is a completely regular continuum.
Lemma 2. Every dendrite X with a countable closure of the set of end points can be considered as a subset of a dendrite X˜ such that
ord( X˜) = ord(X), (clX˜ E( X˜))(1) = (clX E(X))(1) , and O ( X˜) ∩ clX˜ E( X˜) = ∅.
Proof. Let X be a dendrite with a countable closure of the set of end points. Then the set O (X) ∩ clX E(X) is countable
and coincides with the set O (X) ∩ (clX E(X))(1) . Consider a family {xex: x ∈ O (X) ∩ clX E(X)} of disjoint arcs such that
xex ∩ X = {x} and, in the case that the set O (X) ∩ clX E(X) is inﬁnite, the diameters of new arcs tend to zero. It is easy to
see that the dendrite X˜ = X ∪ (⋃{xex: x ∈ O (X) ∩ clX E(X)}) is as required. 
Lemma 3. If X be a dendrite of ﬁnite order such that E(X)∩ O (X) = ∅ and type(E(X)) = β +1, then for every qX ∈ E(X) there exists
a tree T of X such that qX ∈ E(T ), E(X)(β) ⊆ E(T ) ∪ R(T ), and
X = T ∪
(⋃{
X(r, s): rs ∈ F(T )}).
Proof. If E(X)(β) = {qX }, then we set T = qXeX , where eX ∈ E(X) \ {qX }.
If E(X)(β) \ {qX } = {r1, . . . , rn}, we ﬁrst denote by T0 the tree of X over the set {qX , r1, . . . , rn}. Since E(X) ∩ O (X) = ∅,
we have {r1, . . . , rn} ⊆ E(X)∪ R(X). If ord(r, X) = ord(r, T0) for each r ∈ R(T0)∪{r1, . . . , rn} then T = T0 is the required tree.
Otherwise we set
R˜(T0) =
{
r ∈ R(T0) ∪ {r1, . . . , rn}: ord(r, X) > ord(r, T0)
}
.
Since X is of ﬁnite order, for each r ∈ R˜(T0) the number of components of X \ T0 that contain the point r in their closures
is ﬁnite. Let {X[r, j]}nrj=1 be the closures of these components. For each j = 1, . . . ,nr choose e j ∈ E(X[r, j]) \ {r} and set
Tr = re1 ∪ · · · ∪ renr . Obviously the tree T = T0 ∪ (
⋃
r∈R˜(T0) Tr) is the required. 
3. Basic constructions
We begin with construction, for a ﬁxed integer κ  3, of a tree Xκm of order κ that contains a copy of any tree of order
 κ with at most m ramiﬁcation points (see [7]).
For any integer κ  1 by κ-od with center p, we refer to any union of κ arcs having p as one end point and disjoint out
of p.
Fix a point q of the plane and denote by Xκ1 any k-od with end point q. Let m 1 and suppose that a tree Xκm such that
q ∈ E(Xκm) has been deﬁned. To each e ∈ E(Xκm) \ {q} join a (κ − 1)-od Se in such a way that
(i) e is a center of Se;
(ii) Se1 ∩ Se2 = ∅ if e1, e2 ∈ E(Xκm) \ {q} and e1 = e2; and
(iii) Se ∩ Xκm = {e}.
Put
Xκm+1 = Xκm ∪
(⋃{
Se: e ∈ E
(
Xκm
) \ {q}}).
Theorem 4. Let T be a tree of order κ with at most m ramiﬁcation points. For any qˆ ∈ E(T ), there exists an embedding h : T → Xκm
such that h(qˆ) = q, h(R(T )) ⊆ R(Xκm), and h(E(T )) ⊆ E(Xκm) (see [7, Theorem 2.1 and its proof]).
Given two points a and b of the plane let us denote by ab the straight line segment joining a and b.
Fix two points p and e of the plane and consider a sequence {qm}∞m=1 of points of pe such that limm→∞ qm = e and
p < qm < qm+1 < e for each m. Consider the family {Xκm(i)}κ−2 of copies of Xκm joined to qm in such a way thati=1
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(ii) Xκm(i) ∩ Xκm( j) = {qm} for all i = j;
(iii) if m1 =m2, then (⋃κ−2i=1 Xκm1 (i)) ∩ (⋃κ−2i=1 Xκm2(i)) = ∅;
(iv) limm→∞ diam(
⋃κ−2
i=1 Xκm(i)) = 0.
Set Zκ = pe ∪ (⋃∞m=1⋃κ−2i=1 Xκm(i)).
Theorem 5. If X is a dendrite of order  κ with a closed set of end points such that (E(X))(1) = {eX } and eX ∈ E(X), then for
any isolated end point pX of X there exists an embedding h : X → Zκ such that h(eX )=e, h(pX ) = p, and h(E(X)) ⊆ E(Zκ ) (see
[7, Theorem 2.2 and its proof]).
Lemma 6. For each m = 1,2, . . . , and for each κ = 3,4, . . . , there exists an embedding h : Xκm → Xκm+1 such that h(q) = q,
h(R(Xκm)) ⊆ R(Xκm+1), and h(E(Xκm)) ⊆ E(Xκm+1) (it follows from deﬁnition of Xκm+1).
Lemma 7. If T is a tree of order κ , then for any eT , pT ∈ E(T ) there exists an embedding h : T → Zκ such that h(eT ) = e, h(pT ) = p,
and h(E(T )) ⊆ E(Zκ ).
Proof. Let R(T ) ∩ pT eT = {q1T , . . . ,qnT }, where pT < q1T < · · · < qnT < eT . For each q jT consider the family {T [ j, i]}
i j
i=1 of
closures of all components of T \ eT pT that contain the point q jT . We see that T = eT pT ∪ (
⋃n
j=1
⋃i j
i=1 T [ j, i]), where
each T [ j, i] is a tree of order  κ and each i j  κ − 2.
Let m1 < m2 < · · · < mn be integers such that max{|R(T [ j, i])|}i ji=1 < mj for each j = 1, . . . ,n. By Theorem 4, for each
i = 1, . . . , i j , there exists an embedding hij : T [ j, i] → Xκmj (i) such that hij(q jT ) = qm j , and hij(E(T [ j, i])) ⊆ E(Xκmj (i)).
Let h : pT eT → pe be a homeomorphism such that h(pT ) = p, h(eT ) = e, and h(q jT ) = qm j . Also deﬁne h|T [ j,i] = hij . It is
clear that h is the required embedding. 
Next for each ordinal α we deﬁne a dendrite W κα of order κ such that
(i) pe ⊆ W κα and W κα = W κα (p, e);
(ii) E(W κα )(α) = {e} and p is isolated end point of W κα .
Put W κ1 = Zκ . Let α0 > 1 be an ordinal and suppose that the dendrite W κα with properties (i) and (ii) had been deﬁned
for every ordinal α such that 1 α < α0.
Given an arc uv of the plane we shall denote by W˜ κα (u, v) a copy of W
κ
α joined to uv in such a way that: (i) W˜
κ
α (u, v)∩
uv = uv and (ii) there exists a homeomorphism h : W κα → W˜ κα (u, v) such that h(p) = u and h(e) = v .
Now for each m ∈ {1,2, . . .} and for each α such that 1  α < α0 we deﬁne an auxiliary dendrite T κm,α such that
E(T κm,α)
(α) = E(Xκm) ∪ R(Xκm). To this aim in each uv ∈ F(Xκm) take puv ∈ uv \ {u, v} and consider two copies W˜ κα (puv ,u)
and W˜ κα (puv , v) of W
κ
α such that
(i) W˜ κα (puv ,u) ∩ W˜ κα (puv , v) = {puv};
(ii) W˜ κα (puv ,u) ∩ Xκm = upuv and W˜ κα (puv , v) ∩ Xκm = puv v;
(iii) for two different uv, u˜ v˜ ∈ F(Xκm) the sets W˜ κα (puv ,u) ∪ W˜ κα (puv , v) \ {u, v} and W˜ κα (pu˜v˜ , u˜) ∪ W˜ κα (pu˜v˜ , v˜) \ {u˜, v˜} are
disjoint.
We deﬁne
T κm,α = Xκm ∪
(⋃{
W˜ κα (puv ,u) ∪ W˜ κα (puv , v): uv ∈ F
(
Xκm
)})
.
Now we deﬁne the dendrite W κα0 . If α0 is isolated ordinal, then put α
m
0 = α0 − 1. If α0 is a limit ordinal, then ﬁx an
strongly increasing sequence of isolated ordinals {αm0 }∞m=1 such that α0 = limm→∞ αm0 .
Put q0 = p and, for each m = 1,2, . . . , ﬁx pm ∈ pe such that qm−1 < pm < qm . To each pmpm+1 join two copies
W˜ κ
αm0
(pm,qm) and W˜ καm0
(pm+1,qm) of W καm0 in such a way that
(i) W˜ κ
αm0
(pm,qm) ∩ W˜ καm0 (pm+1,qm) = {qm};
(ii) W˜ κ
αm0
(pm,qm) ∩ ep = pmqm and W˜ καm0 (pm+1,qm) ∩ pe = qmpm+1;
(iii) if m1 =m2, then the sets W˜ κ
α
m1
0
(pm1 ,qm1 )∪ W˜ καm10 (pm1+1,qm1 )\{pm1 , pm1+1} and W˜
κ
α
m2
0
(pm2 ,qm2 )∪ W˜ καm20 (pm2+1,qm2 )\{pm2 , pm2+1} are disjoint;
146 S. Zaﬁridou / Topology and its Applications 156 (2008) 142–149(iv) limm→∞ diam(W˜ καm0 (pm,qm) ∪ W˜
κ
αm0
(pm+1,qm)) = 0.
Also to each qm join copies {T κm,αm0 (i)}
κ−2
i=1 of T
κ
m,αm0
in such a way that
(i) T κm,αm0
(i) ∩ pe = {qm} and there is a homeomorphism him : T κm,αm0 → T
κ
m,αm0
(i) such that him(q) = qm for each i =
1, . . . , κ − 2;
(ii) T κm,αm0
(i) ∩ T κm,αm0 ( j) = {qm} for all i = j;
(iii) if m1 =m2, then (⋃κ−2i=1 T κm1,αm10 (i)) ∩ (⋃κ−2i=1 T κm2,αm20 (i)) = ∅;
(iv) limm→∞ diam(
⋃κ−2
i=1 T κm,αm0 (i)) = 0.
Set
W κα0 = ep ∪
∞⋃
m=1
(
W˜ καm0
(pm,qm) ∪ W˜ καm0 (pm+1,qm) ∪
κ−2⋃
i=1
T κm,αm0
(i)
)
.
Lemma 8. For each m = 1,2, . . . , for each κ = 3,4, . . . , and for each ordinal α there exists an embedding h : T κm,α → T κm+1,α such
that h(q) = q and h(E(T κm,α)) ⊆ E(T κm+1,α).
Proof. The proof follows from Lemma 6 and deﬁnition of dendrites T κm,α . 
Lemma 9. For each integer κ  3 and for each ordinal α  1 the following propositions are true:
(Wκα ) If 1 β  α, then there exists an embedding h : W κβ → W κα such that h(e) = e, h(p) = p and h(E(W κβ )) ⊆ E(W κα ).
(T κα ) If 1 β  α, then there exists an embedding h :T κm,β → T κm,α such that h(q) = q and h(E(T κm,β )) ⊆ E(T κm,α) for each integer
m 1.
Proof. The proof can be done by induction on α after the following observations.
First observe that (Wκα ) implies (T κα ) for any ordinal α. This fact follows from the deﬁnition of T κm,α , because the sets
W˜ κα(puv ,u) and W˜
κ
α (puv , v) are copies of W
κ
α . Second observe that if (Wκα ) and (T κα ) are true for every α < α0, then
(Wκα0) is true. This fact follows from the deﬁnition of W κα0 . 
4. Main results
Theorem 10. For any integer κ  3 and for any ordinal α  1 the following propositions are true:
(Pκα ) If X is a dendrite of order  κ such that E(X)(β) = {eX } and eX ∈ E(X) for some β  α, then for any isolated end point pX of
X there exists an embedding h : X → W κα such that h(eX ) = e, h(pX ) = p and h(E(X)) ⊆ E(W κα ).
(Rκα) If X is a dendrite of order  κ such that type(E(X)) α, then for any eX ∈ E(X) and for any isolated end point pX of X there
exists an embedding h : X → W κα such that h(eX ) = e, h(pX ) = p and h(E(X)) ⊆ E(W κα ).
(Qκα) If X is a dendrite of order  κ such that type(E(X))  α + 1, then for any qX ∈ E(X) there exists m ∈ {1,2, . . .} and there
exists an embedding h : X → T κm,α such that h(qX ) = q and h(E(X)) ⊆ E(T κm,α).
Proof. Let κ  3 be ﬁxed and let X be a dendrite of order  κ with a countable closure of the set of end points. Without
loss of generality (see Lemma 2) we suppose that E(X) ∩ O (X) = ∅.
We prove that (Pκα ) and (Rκα) imply (Qκα) for any ordinal α  1.
Let type(E(X)) = β + 1 α + 1 and qX ∈ E(X). By Lemma 3 there exists a tree T of X such that qX ∈ E(T ), E(X)(β) ⊆
E(T ) ∪ R(T ) and
X = T ∪
(⋃{
X(r, s): rs ∈ F(T )}).
Let |R(T )| =m. Since ord(T ) κ , by Theorem 4 there exists an embedding hT : T → Xκm such that hT (qX ) = q, hT (R(T )) ⊆
R(Xκm), and hT (E(T )) ⊆ E(Xκm). On the other hand, from the construction of T κm,α , we have
T κm,α = Xκm ∪
(⋃{
T κm,α(u, v): uv ∈ F
(
Xκm
)})
.
From the above it suﬃces, for each rs ∈ F(T ), to deﬁne an embedding h : X(r, s) → T κm,α(hT (r),hT (s)) such that h(r) = hT (r),
h(s) = hT (s) and h(E(X(r, s))) ⊆ E(T κm,α(hT (r),hT (s))).
For rs ∈ F(T ) we put hT (r) = u and hT (s) = v . Then u, v ∈ R(Xκm) ∪ E(Xκm).
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Fixing prs ∈ rs ∩ O (X), we have X(r, s) = X(r, prs) ∪ X(prs, s), where prs is isolated end point of dendrites X(r, prs) and
X(prs, s).
Since E(X)(β) ⊆ R(T ) ∪ E(T ), it follows that either type(E(X(r, prs))) β or E(X(r, prs))(β) = {r}. Since β  α, by (Pκα ),
(Rκα) and deﬁnition of W˜ κα (puv ,u) there exists an embedding hr : X(r, prs) → W˜ κα (puv ,u) such that hr(r) = u, hr(prs) = puv ,
and hr(E(X(prs, r))) ⊆ E(W˜ κα (puv ,u)). Similarly, there exists an embedding hs : X(prs, s) → W˜ κα (puv , v) such that hs(s) = v ,
hs(prs) = puv , and hs(E(X(prs, s))) ⊆ E(W˜ κα (puv , v)).
From the above h : X(r, s) → T κm,α(u, v), for which h|X(prs,r) = hr and h|X(prs,s) = hs , is the needed embedding.
Case 2. If uv /∈ F(Xκm), then there exist v˜, u˜ ∈ uv ∩ R(Xκm) (possibly v˜ = u˜) such that uv˜, u˜v ∈ F(Xκm).
We have T κm,α(u, v) = W˜ κα (puv˜ ,u) ∪ T κm,α(puv˜ , pu˜v ) ∪ W˜ κα (pu˜v , v).
On the other hand, since X is completely regular, we can ﬁnd pr, ps ∈ O (X) such that r < pr < ps < s, and the arc pr ps
is free in X . It is clear that X(r, s) = X(r, pr) ∪ pr ps ∪ X(ps, s).
Similarly as in Case 1 we can deﬁne embeddings hr : X(r, pr) → W˜ κα(puv˜ ,u) and hs : X(ps, s) → W˜ κα (pu˜v , v). Then
h : X(r, s) → T κm,α(u, v) for which h|X(prs,r) = hr , h|X(prs,s) = hs , and h|pr ps : pr ps → puv˜ pu˜v is a homeomorphism that
maps pr into puv˜ and p
s into pu˜v , is the needed embedding.
Now we prove (Pκα ) and (Rκα) by induction on α. Note that W κ1 = Zκ .
(Pκ1 ) If E(X)(1) = {eX } and eX ∈ E(X), then the set E(X) is closed and contains exactly one limit end point eX . Thus (Pκ1 )
follows from Theorem 5.
(Rκ1 ) If type(E(X)) 1, then X is a tree. Thus (Rκ1 ) follows from Lemma 7.
Let α0 > 1 be an ordinal, and suppose that (Pκα ) and (Rκα) are true for each ordinal α such that 1 α < α0. Then (Qκα),
1 α < α0, is true.
(Pκα0) Let E(X)(β) = {eX } and eX ∈ E(X) for some for some β  α0, and let pX be an isolated end point of X . If β < α0,
then from (Pκβ ) that holds by induction and from (Wκα0) of Lemma 9 follows the existence of required embedding
h : X → W κα0 .
Let β = α0. For each q ∈ R(X) ∩ pXeX we denote by X(q) the union of closures of all components of X \ pXeX that
contain the point q.
Consider a sequence {q1X , . . . ,qnX , . . .} ⊆ R(X) ∩ pXeX such that limn→∞ qnX = eX and pX < q1X < · · · < qnX < qn+1X <· · · < eX . In the case that α0 is an isolated ordinal we demand in addition that{
q1X , . . . ,q
n
X , . . .
}= {q ∈ R(X) ∩ pXeX : X(q) ∩ E(X)(α0−1) = ∅}.
Since pX is isolated end point, there exists s1 ∈ O (X) such that pX < s1 < q1X and the arc pX s1 is free in X . Since X is
completely regular, for each n  1 there exist rn, sn+1 ∈ O (X) such that qnX < rn < sn+1 < qn+1X and the arc rnsn+1 is free
in X .
Let {X[n, i]}ini=1 be the family of closures of all components of X \ eX pX that contains the point qnX . Since ord(X)  κ ,
in  κ − 2. Obviously,
X = pXeX ∪
∞⋃
n=1
X
(
sn, rn
)
,
and X(sn, rn) = X(sn,qnX ) ∪ (
⋃in
i=1 X[n, i]) ∪ X(qnX , rn).
Case 1. If β = α0 = α + 1, then from the construction of W κα0 we have
W κα0 = pe ∪
∞⋃
m=1
W κα0(pm, pm+1),
and W κα0 (pm, pm+1) = W˜ κα (pm,qm) ∪ (
⋃κ−2
i=1 T κm,α(i)) ∪ W˜ κα (pm+1,qm).
In the sequel for each n we ﬁnd an appropriate mn and deﬁne an embedding hn : X(sn, rn) → W κα0 (pmn , pmn+1) mapping
the end points of X(sn, rn) into the end points of W κα0(pmn , pmn+1).
Observe that sn is an isolated end point of X(qnX , s
n), rn is isolated end point of X(qnX , r
n), and qnX is an end point of
X(qn , rn), X(qn , sn), and X[n, i] for i = 1, . . . , in .X X
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Lemma 8 it follows that there exists a sequence {mn}∞n=1 of natural numbers such that mn + 2 mn+1 and for each i =
1, . . . , in there exists an embedding hin : X[n, i] → T κmn,α(i) such that hin(qnX ) = qmn , and hin(E(X[n, i])) ⊆ E(T κmn,α(i)).
Since E(X)(α) ⊆⋃∞n=1 X(qnX ), for each n either E(X(sn,qnX ))(α) = {qnX } or type(E(X(sn,qnX ))) α. Thus, by (Pκα ) and (Rκα)
there exists an embedding h−n : X(sn,qnX ) → W˜ κα (pmn ,qmn ) such that h−n (sn) = pmn , h−n (qnX ) = qmn , and h−n (E(X(sn,qnX ))) ⊆
E(W˜ κα (pmn ,qmn )). Similarly there exists an embedding h
+
n : X(qnX , rn) → W˜ κα (pmn+1,qmn ) such that h+n (qnX ) = qmn , h+n (rn) =
pmn+1 and h+n (E(X(qnX , rn))) ⊆ E(W˜ κα (pmn+1,qmn )).
By the above hn : X(sn, rn) → W κα0(pmn , pmn+1) deﬁned by hn|X(sn,qnX ) = h−n , hn|X(qnX ,rn) = h+n , and hn|X[n,i] = hin for i =
1, . . . , in , is the needed embedding.
Let h : eX pX → ep be a homeomorphism such that h(pX ) = p, h(eX ) = e, h(sn) = pmn , h(rn) = pmn+1 and h|snrn = hn|snrn .
Also deﬁne h|X(sn,rn) = hn|X(sn,rn) . Obviously h is the required embedding of X into W κα0 .
Case 2. If β = α0 is a limit ordinal and {αm0 }∞m=1 is the increasing sequence of ordinal ﬁxed in the construction of W κα0 such
that α0 = limm→∞ αm0 , then we have
W κα0 = pe ∪
∞⋃
m=1
(
W˜ καm0
(pm,qm) ∪
(
κ−2⋃
i=1
T κm,αm0
(i)
)
∪ W˜ καm0 (pm+1,qm)
)
.
Since E(X)(α0) = {eX } for each n  1 there exists an ordinal βn < α0 such that each of the sets E(X(qnX , rn)), E(X(qnX , sn)),
and E(X[n, i]) for i = 1, . . . , in has type  βn + 1 < α0.
From (Qκβn ) and Lemma 8 it follows that there exists an integer mn  1 such that for each i = 1, . . . , in there exists an
embedding of X[n, i] into T κmn,βn , which maps qnX into q and the set of end points of X[n, i] into the set of end points
of T κmn,βn .
Let {mn}∞n=1 be a sequence of integers such that mn <mn , mn +2mn+1, and βn < αmn0 . By Lemmas 8 and 9 there exists
an embedding of T κmn,βn into T
κ
mn,α
mn
0
which maps q into q and the set of end points of T κmn,βn into the set of end points
of T κ
mn,α
mn
0
.
From the above for each n and for each i = 1, . . . , in there exists an embedding hin : X[n, i] → T κmn,αmn0 (i) such that
hin(q
n
X ) = qmn , and hin(E(X[n, i])) ⊆ E(T κmn,αmn0 (i)).
Observe that each of the sets E(X(qnX , r
n)) and E(X(qnX , s
n)) has type  αmn0 and that (Rκαmn0 ) hold by induction. Sim-
ilarly as in Case 1 we can deﬁne h−n : X(sn,qnX ) → W˜ καmn0 (pmn ,qmn ), h
+
n : X(qnX , rn) → W˜ καmn0 (pmn+1,qmn ), and the required
embedding h : X → W κα0 .
(Rκα0) Let type(E(X)) α0, eX ∈ E(X), and let pX be an isolated end point of X . Then type(E(X)) = α + 1 and E(X)(α) is
ﬁnite for some ordinal α.
If α + 1 < α0, then the existence of the required embedding follows from (Rκα+1) and from (Wκα0 ) of Lemma 9. If
α0 = α + 1 and E(X)(α) = {eX }, then the existence of the required embedding follows from (Pκα0) that has been already
proved.
Finally, assume that α0 = α + 1 and E(X)(α) is ﬁnite and different from{eX }. Since E(X) ∩ O (X) = ∅, it follows that
E(X)(α) ⊆ R(X)∪ E(X). Let {q1X , . . . ,qnX } be the set of all q ∈ R(X)∩ pXeX such that X(q)∩ E(X)(α) = ∅ and pX < q1X < · · · <
qnX < eX .
Fixing rn ∈ qnXeX ∩ O (X), we can write X = X(pX , rn) ∪ X(rn, eX ), where rn is isolated end point both of dendrites
X(pX , rn) and X(rn, eX ).
Similarly as in the proof of (Pκα0 ) (for isolated ordinal α0) we can ﬁnd integers m1 < · · · <mn and deﬁne an embedding
h˜ : X(pX , rn) → W κα0 (p, pmn+1) such that h˜(pX ) = p, h˜(q1X ) = qm1 , . . . , h˜(qnX ) = qmn , h˜(rn) = pmn+1, and h˜(E(X(pX , rn))) ⊆
E(W κα0 (p, pmn+1)).
Since W κα0 = W κα0(p, pmn+1) ∪ W κα0 (pmn+1, e), it suﬃces to deﬁne a proper embedding of X(rn, eX ) into W κα0 (pmn+1, e).
Since X(q)∩ E(X)(α) = ∅ for each q ∈ R(X)∩ rneX , it follows that either E(X(rn, eX ))(α) = {eX } or type(E(X(rn, eX ))) α.
By (Pκα ) and (Rκα), that hold by induction, there exists an embedding h1 : X(rn, eX ) → W κα such that h1(rn) = p, h1(eX ) = e,
and h1(X(rn, eX )) ⊆ E(W κα ).
In the proof of (Pκα0 ) for α0 = α + 1 replacing dendrite X by W κα and dendrite W κα0 by W κα0 (pmn+1, e), we can deﬁne an
embedding h2 : W κα → W κα0 (pmn+1, e) such that h2(p) = pmn+1, h2(e) = e, and h2(W κα ) ⊆ E(W κα0 (pmn+1, e)).
From the above h : X → W κα0 deﬁned by h|X(pX ,rn) = h˜ and h|X(rn,eX ) = h2 ◦ h1 is the required embedding. The proof is
complete. 
S. Zaﬁridou / Topology and its Applications 156 (2008) 142–149 149Theorem 11. For any ordinal α and for any natural κ  3 there exists a universal element Dκα in the family of all dendrites X such that
ord(X) κ and |E(X)(α)| 1. Moreover, type(Dκα) = α.
Proof. Let Dκα be a union of copies W
κ
α (1), . . . ,W
κ
α (κ) of W
κ
α with the unique points e(i) of E(W
κ
α (i))
(α) identiﬁed at a
ﬁxed point e of the plane and disjoint out of e. We shall prove that Dκα is the required universal element.
Let X be a dendrite such that ord(X)  κ and |E(X)(α)|  1. Consider a unique point eX ∈ E(X)(α) in the case that
|E(X)(α)| = 1 or any eX ∈ R(X) in the case that E(X)(α) = ∅ (obviously any arc X can be embedded into Dκα ). Let {X(i)}ni=1
be the family of closures of all components of X \ {eX }. It is clear that for each i the point eX is end point of X(i) and that
either E(X(i))(β) = {ex} for some β  α or type(E(X(i))) α. Since n  κ , using Theorem 10, an embedding of X into Dκα
can be deﬁned.
It is easily seen that E(W κα )
(α) = {e}. Thus type(E(W κα \ {e})) = α. Since
E
(
Dκα
)= n⋃
i=1
(
E
(
W κα (i)
) \ {e}) and n⋂
i=1
(
E
(
W κα (i)
) \ {e})= ∅,
it follows that type(Dκα) = α. 
Theorem 12. For any isolated (respectively, limit) ordinal α there exists a dendrite Dα such that type(Dα) = α and Dα contains
topologically any dendrite X of ﬁnite order with type(E(X)) α (respectively, type(E(X)) < α).
Proof. Let {D˜κα}∞κ=3 be a family of dendrites such that: (α) D˜κα is a copy of Dκα for each κ , (β)
⋂∞
κ=3 D˜κα = {e}, where e is
the unique point of E(D˜κα)(α) for each κ , and (γ ) limκ→∞ diam(D˜κα) = 0. We deﬁne Dα =
⋃∞
κ=3 D˜κα .
The existence of the required embedding follows from the deﬁnition of Dα and from Theorem 11. 
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